. We show that if Γ = Γ 1 × · · · × Γn is a product of n ≥ 2 non-elementary ICC hyperbolic groups then any discrete group Λ which is W * -equivalent to Γ decomposes as a k-fold direct sum exactly when k = n. This gives a group-level strengthening of Ozawa and Popa's unique prime decomposition theorem by removing all assumptions on the group Λ. This result in combination with Margulis' normal subgroup theorem allows us to give examples of lattices in the same Lie group which do not generate stably equivalent II 1 factors.
W * -RIGIDITY FOR THE VON NEUMANN ALGEBRAS OF PRODUCTS OF HYPERBOLIC GROUPS
IONUT CHIFAN, ROLANDO DE SANTIAGO, AND THOMAS SINCLAIR A . We show that if Γ = Γ 1 × · · · × Γn is a product of n ≥ 2 non-elementary ICC hyperbolic groups then any discrete group Λ which is W * -equivalent to Γ decomposes as a k-fold direct sum exactly when k = n. This gives a group-level strengthening of Ozawa and Popa's unique prime decomposition theorem by removing all assumptions on the group Λ. This result in combination with Margulis' normal subgroup theorem allows us to give examples of lattices in the same Lie group which do not generate stably equivalent II 1 factors.
I
One of the most basic and intractable questions in the study of von Neumann algebras asks how much algebraic information about a (discrete) group Γ can detected at the level of the associated group von Neumann algebra L(Γ ). For instance, whether the number of generators is an isomorphism invariant among the class of free group factors remains one of the foremost open problems in the field, dating from the seminal work of Murray and von Neumann. Connes' celebrated classification of injective factors [Co76] implies that almost no algebraic information can be recovered from L(Γ ) when Γ is amenable. Even in the non-amenable case work of Dykema [Dy93] shows that much information is lost in general for free products of amenable groups. However, a bold conjecture of Connes from the 1980s asserts that in the case that Γ is extremely nonamenable (an ICC property (T) group) that the algebraic structure of Γ can essentially be completely recovered from L(Γ ), i.e., if L(Γ ) is isomorphic to L(Λ) then Λ must be isomorphic to Γ . This phenomena has been termed "W * -superrigidity" by Sorin Popa. The first examples of W * -superrigid groups were discovered by Ioana, Popa, and Vaes [IPV10] using Popa's deformation/rigidity theory [Po06] .
Groups with property (T) belong to a much broader class of "rigid" groups which also includes direct products of non-amenable groups, irreducible lattices in higherrank Lie groups, as well as mapping class groups of surfaces of suitable high genus and braid groups. Such groups have been the basis of many remarkable classification results in the last decade in the theory of von Neumann algebras as well as the theory of measured equivalence relations. In this paper, we will focus on class of groups which arise as finite direct products of ICC hyperbolic groups, where essentially the presence Date: August 20, 2015. I.C. was supported by NSF Grant DMS #1301370. R.dS. was supported in part by GAANN fellowship grants #P200A100028 and #P200A120058 and by a Sloan Center minigrant.
of nontrivial commutation exactly between the factor groups provides a very strong rigidity property to exploit. This particular case of "product rigidity" has already been used to great effect in the fundamental work of Ozawa and Popa [OP03] where such group factors are shown to admit a unique tensor product decomposition into prime factors. In particular this shows that if Γ = Γ 1 × · · · × Γ m and Λ 1 × · · · × Λ n are products of ICC hyperbolic groups Γ 1 , . . . , Γ m , Λ 1 , . . . , Λ n then if L(Γ ) ∼ = L(Λ) it must be the case that m = n.
Building on the techniques from [OP03] and [Io11] we show in this paper that the group von Neumann algebra L(Γ ) of such a group completely remembers the product structure of the generating group Γ ; that is, any isomorphic group von Neumann algebra L(Λ) admits its unique prime decomposition at the level of the generating group Λ with no a priori assumption of a product structure on that group. This appears to be the strongest type of rigidity possible for the class of nontrivial products of ICC hyperbolic groups. The key insight into upgrading Ozawa and Popa's result comes from an ultraproduct-based "discretization" technique for group von Neumann algebras which was introduced by Adrian Ioana [Io11, Theorem 3.1]. This allows one to transfer the existence of "large" commuting subgroups in Γ through (stable) W * -equivalence to the target group Λ. The argument then proceeds through a series intertwining lemmas using (strong) solidity results from [CSU11, PV12] to show this implies the existence of commuting, generating subgroups, after which Ozawa and Popa's unique prime decomposition theorem obtains.
Before stating the main result, we describe a more general class of groups for which product rigidity holds. Recall that a countable discrete group Γ is said to belong to the class S of Ozawa [Oz05] if there is a sequence of maps µ n : Γ → ℓ 1 (Γ ), where µ n (γ) = 1 and lim n µ n (sγt) − λ s µ n (γ) = 0 for all γ, s, t ∈ Γ . By [PV12] , Γ belongs to the class S if and only if Γ belongs to the class QH reg of [CS11] and is exact.
We denote by S nf the class of all non-amenable, ICC groups in S.
Theorem A. Let Γ 1 , Γ 2 , . . . , Γ n ∈ S nf be weakly amenable groups with Γ = Γ 1 × Γ 2 × · · · × Γ n and denote by M = L(Γ ). Let t > 0 be a scalar and let Λ be an arbitrary group such that M t = L(Λ). Then one can find subgroups Λ 1 , Λ 2 , . . . , Λ n < Λ with Λ 1 × Λ 2 × · · · × Λ n = Λ, scalars t i > 0 with t 1 t 2 · · · t n = t, and a unitary u ∈ M such that uL(
It seems very likely that the assumption of weak amenability is unnecessary: we show that when Γ is a product of two groups in the class S nf that this is indeed the case.
Corollary B. Let Γ 1 , Γ 2 ∈ S nf , and denote
These results maybe seen as the group von Neumann algebraic analog of Monod and Shalom's [MS06, Theorem 1.10] famous orbit equivalence rigidity theorem for products of groups in the class C reg , though the relation between the two results is imperfect and the proofs do not seem in any precise way to depend on a common framework. One salient point of contrast is the need in [MS06] for a mild mixingness assumption on the target action, while in the case of the above theorem the ICC condition on the target group (corresponding to "plain ergodicity") suffices; however, this is likely accounted for by the fact that in orbit equivalence one is working over a parameter space on the group algebra. Secondly, Monod and Shalom are able to deduce honest isomorphism of the groups while in the above theorem the identification of the product factors up to stable isomorphism is sharp. This is because for any pair of II 1 factors M and N and any s > 0 we have canonically that M⊗N ∼ = M 1/s⊗ N s ; thus, using Voiculescu's scaling formula for free group factors [Vo90] we have that L(F 2 )⊗L(
Hence, for the class S nf in general one cannot hope to further deduce (virtual) isomorphism of the factor groups.
As a consequence of these results we may apply Margulis' Normal Subgroup Theorem [Ma79, Z84] to deduce indecomposability of group factors of higher-rank irreducible lattices over a product of group factors of groups in the class S nf .
Corollary C. If Λ is an irreducible lattice in a higher rank semisimple Lie group, then L(Λ)
is neither isomorphic to a factor L(Γ 1 × Γ 2 ) where Γ 1 , Γ 2 are groups in the class S nf , nor is it isomorphic to a factor of the form L(Γ 1 × · · · × Γ n ) where each Γ i ∈ S nf and is weakly amenable.
, even though these groups are measure equivalent in the sense of [Fu99a] . These add new natural examples to the ones found earlier [CI11] .
As a last remark we believe that the arguments below actually give a slightly stronger version of Theorem A, though we will not pursue this here to avoid additional complexities in the presentation. To introduce a bit of notation, we say that two finite von Neumann algebras M and N are virtually stably isomorphic if there exist s, t > 0 and finite index subalgebras M ⊂ M s and N ⊂ N t so that M and N are * -isomorphic. With this notation in hand, it should be the case that if Γ = Γ 1 × · · · × Γ n with all Γ i weakly amenable and belonging to the class S nf , then for any discrete group Λ, L(Λ) is virtually stably isomorphic to L(Γ ) if and only if there is a finite index subgroup Λ 0 < Λ and a finite normal subgroup N ⊳ Λ 0 so that
1.1. Notations. Given a von Neumann algebra M we will denote by U (M) its unitary group, by P(M) the set of all its nonzero projections and by I (M) the set of all its nonzero partial isometries. Also we denote by M + the set of all positive elements and M h is the set of all selfadjoint elements. All von Neumann algebras inclusions N ⊆ M are assumed unital unless otherwise specified. For any von Neumann subalgebras P, Q ⊆ M we denote by P ∨ Q the von Neumann algebra they generate in M.
All von Neumann algebras M considered in this article will be tracial, i.e., endowed with a unital, faithful, normal functional τ : M → C satisfying τ(xy) = τ(yx) for all x, y ∈ M.
For a countable group Γ we denote by {u γ : γ ∈ Γ } ∈ U(ℓ 2 (Γ )) its left regular representation given by u γ (δ λ ) = δ γλ , where δ λ : Γ → C is the Dirac mass at λ. The weak operatorial closure of the linear span of {u γ : γ ∈ Γ } in B(ℓ 2 (Γ )) is the so called group von Neumann algebra and will be denoted by L(Γ ). L(Γ ) is a II 1 factor precisely when Γ has infinite non-trivial conjugacy classes (ICC).
Given a group Γ and a subset F ⊆ Γ we will be denoting by F the subgroup of Γ generated by F. Acknowledgements. We would like to thank Rémi Boutonnet and Adrian Ioana for useful comments on the manuscript. (1) There exist nonzero projections p ∈ P, q ∈ Q, a * -homomorphism θ : pPp → qQq and a nonzero partial isometry v ∈ qMp such that θ(
If one of the two equivalent conditions from Theorem 2.1 holds then we say that a corner of P embeds into Q inside M, and write P M Q. If we moreover have that Pp ′ M Q, for any nonzero projection p ′ ∈ P ′ ∩ 1 P M1 P , then we write P s M Q. Definition 2.2. [PP86] For an inclusion P ⊆ M of tracial von Neumann algebras define
The probabilistic index of P ⊆ M is defined as [M : P] PP = λ −1 , with the convention
For further use we collect together some basic results from [Jo81, PP86] . 
In the remaining part of the section we prove several technical results which will be used in the sequel. Some of them are probably well-known, but as we are unable to find the proofs in the literature, we will include them for the reader's convenience.
Lemma 2.4. Let (M, τ) be a finite von Neumann algebra together with a projection e ∈ M and a subset S ⊆ U (M). Given ε > 0, there exists η > 0 so that if there exists a function φ : S → R + satisfying the following properties:
(1) τ(exex * ) ≤ η + φ(x), for all x ∈ S; (2) for every δ > 0 and every finite set F ⊂ S there exists u ∈ S such that φ(u * y) ≤ δ for all y ∈ F. then τ(e) ≤ ε.
The following concise proof, which also produces a much better effective constant η than we had originally obtained, was shown to us by Rémi Boutonnet.
Proof. Fix ε > 0, and let η = ε 2 /2. Using property (2) inductively for k ∈ N arbitrary we can find elements σ 1 , σ 2 , . . . , σ k ⊂ S so that that if e i = σ i eσ i * then (2.1) τ(e i e j ) ≤ 2η
It thus follows from the Cauchy-Schwartz inequality that
τ(e i e j ) = kτ(e) + 2k 2 η
Setting X = kτ, one has the quadratic inequality X 2 ≤ X + 2k 2 η, solving which leads to (2.3) τ(e) ≤ 1 + 1 + 8k 2 η 4k .
As k was arbitrary this shows that τ(e) ≤ √ 2η = ε.
Corollary 2.5. Let (M, τ) be a finite von Neumann algebra together with a projection e ∈ M and a subset S ⊆ U (M). Assume for every ε > 0 there exists a function φ ε : S → R + satisfying the following properties:
(2) for every δ > 0 and every finite set F ⊂ S there exists u ∈ S such that φ ε (u * y) ≤ δ for all y ∈ F. Then e = 0.
Proof. Applying the previous lemma, for every ε > 0 we have τ(e) ≤ ε; thus e = 0.
From part (2) in Theorem 2.3 finiteness of the index of an inclusion of algebras is preserved under taking corners. Next we establish the converse for certain inclusions of group von Neumann algebras.
Proof. Let e ∈ Z (L(Ω)) be the support projection of E L(Ω) (z) and notice z ≤ e. For t > 0 denote by e t = 1 (t,∞) (e) ∈ Z (L(Ω)) and notice e t SOT -converges to e, as t → 0. By assumption there exist elements m ′ 1 , m ′ 2 , . . . , m ′ s ∈ pL(Λ)pz such that for every x ∈ pL(Λ)pz we have x = i E pL(Ω)pz (xm
If we denote by m i = e t m ′ i e t , this further implies that for every x ∈ pe t L(Λ)pe t z we have
, where
. This together with (2.4) and basic approximations of m i 's further imply that for every ε > 0 one can find a constant c ε > 0 and a finite subset
2 we see (2.5) shows that property (1) in Corollary 2.5 is satisfied.
To finish, assume by contradiction [Λ : Ω] = ∞. Since we have infinitely many representatives of left cosets of Ω in Λ then for every finite subset F ⊂ Ω there exists λ ∈ Λ such that E L(Ω) (u * λ u σ ) = 0, for all σ ∈ F. This further shows φ ε also satisfies (2) in Corollary 2.5 and hence pe t z = 0. Since this holds for every t > 0 and e t SOT -converges to e ≥ z we get pz = 0, which is a contradiction. Hence [Λ : Ω] < ∞.
Corollary 2.7. For every infinite group Λ and every p ∈ P(L(Λ)) the von Neumann algebra pL(Λ)p is diffuse.
Proof. Assuming otherwise, there exists a projection
By Proposition 2.6 this further implies Λ is a finite, contradicting the hypothesis.
In this section we prove the first crucial step towards Theorem B, that any group in the W * -equivalence class of a product of groups in S nf must itself contain two commuting non-amenable subgroups. In order to do so, we make use of a powerful "discretization" technique for group von Neumann algebras introduced by A. Ioana in [Io11] . Since we follow an approach very similar to [Io11, Theorem 3.1], we include a proof addressing only the novel points. To be able to state the result properly we need to recall some previous results and introduce notation. Notation 3.2. Given Γ = Γ 1 × Γ 2 × · · · × Γ n , for every subset F ⊆ {1, . . . , n} we denote by Γ F the subgroup of in Γ consisting of elements whose i-th components are trivial, for all i ∈ {1, 2, ..., n} \ F. We denote byΓ F = Γ {1,2,...,n}\F and for brevityΓ j = Γ {1,2,...,n}\{j} . Notice thatΓ F = Γ F .
In the spirit of [Io11, Theorem 3.1] we prove the following theorem
Proof. Denote by {u γ } γ∈Γ , {v λ } λ∈Λ the respective canonical Γ, Λ group unitaries gener-
By [BO08, Lemma 15.3.3], Γ × Γ is bi-exact relative to the family
Hence, by [BO08, Theorem 15.
By consideration of symmetry we will only treat the case 
where · 2 is induced by the trace τ on M k⊗ M k . Writing y ∈ L(Γ 1 ) t ⊂ M t as y = y λ v λ and using the previews equation we see that letting c = τ(p)c ′ we have
Now let G = {Σ j Λ : j ∈ J} be an arbitrary family of subgroups of Λ. We say that
. By Popa's intertwining technique it follows that for all ε > 0 and for each S ⊂ Λ small relative to G, there is a y ∈ U (L(Γ 1 ) t ) so that λ∈S |y λ | 2 < ε. Then, indexing over all sets S small relative to G it follows that for any y ∈ U (L(Γ 1 ) t ):
Choosing ε > 0 sufficiently small and choosing y ∈ U (L(Γ 1 ) k ) so that λ∈Λ\S |y λ | 2 < ε we see
Using this together with (3.2) we see that for every S small with respect to G we have
Let I be the directed set of all S ⊂ Λ so that S is small with respect to G and fix ω a cofinal ultrafilter on I.
and by Popa's intertwining techniques, there exists a sequence
as n → ∞ for all x, y ∈ M t ; here · 2 is induced by the trace on
Proceeding as in the proof of [Io11, Theorem 3.1] there exists a descending sequence of subgroups Σ s Λ such that Σ s / ∈ G and Θ = ∪ s Ω s , where Ω s = C Λ (Σ s ) and the conclusion and part (4.23) then follows. 
Proof. From the assumptions it follows that Λ is a non-amenable, ICC group. Let G be the collection of all subgroups Σ Λ with non-amenable centralizer C Λ (Σ) and notice it is non-empty ({1} ∈ G). Applying Theorem 3.3 for G there exists
where Ω s = C Λ (Σ s ). Assume b) holds. Since {Σ s } is a descending sequence of groups not belonging to G then {Ω s } is an ascending sequence of amenable groups yielding that ∪ s Ω s is amenable; thus, L(∪ s Ω s ) is an amenable von Neumann algebra. By hypothesis L(Γ k ) is a nonamenable factor, so we must have
Hence we must have a). Moreover, since L(Γ ℓ ) is a factor, whence has no amenable direct summand, Σ is a non-amenable group, giving the desired conclusion.
P M R
In this section we use intertwining and solidity techniques to upgrade the existence of commuting nonamenable subgroups of the target group Λ to an honest direct product decomposition of Λ. The bulk of the work goes into the proof of Theorem 4.3 which establishes the existence of a virtual product decomposition for Λ. Before precisely stating this result, we begin with two preliminary solidity-type results on commuting subalgebras in group factors of products of groups in the class S nf .
Lemma 4.1. For n ≥ 2 let Γ 1 , Γ 2 , . . . , Γ n ∈ S nf with Γ = Γ 1 × Γ 2 × · · · × Γ n and denote by M = L(Γ ). Let t > 0 be a scalar and let Q, A ⊂ M t be commuting subalgebras such that A is diffuse abelian and
Then there must exist a projection p ∈ P(Q ∨ A), a scalar k ≥ t 1 > 0, and a unital injective * -homomorphism φ : p(Q ∨ A)p → L(Γ s ) t 1 . Since Q is a II 1 factor we have Z (Q ∨ A) = A and denote by E A : Q ∨ A → A the central trace. Since 0 = E A (p) there exist µ > 0 and a projection 0 = e ∈ A so that E A (pe) ≥ µe. Moreover, since T 1 is a II 1 factor there exists a projection r ∈ T 1 ⊆ Q so that τ Q (r) = µ and E A (re) = µe. Thus E A (pe) ≥ E A (re) and since E A is a central trace there exists w ∈ I (Q ∨ A) so that pe ≥ w * w and ww * = re. Letting u ∈ U (Q ∨ A) with w = reu one can check that
is an injective * -homomorphism; moreover, cutting L(Γ s ) t 1 by a projection we can assume φ ′ is unital. By construction A 1 = φ ′ (Are) is diffuse abelian, and
Applying the previous argument n − 2 times one can find 1 ≤ s n−1 ≤ n, k ≥ t n−1 > 0, and commuting subalgebras A n−1 , Q n−2 ⊂ L(Γ s n−1 ) t n−1 with A n−1 diffuse abelian and Q n−2 non-amenable II 1 factor. This however contradicts solidity of L(Γ s n−1 ). 
. Also note that Q 1 is non-amenable. Applying the same argument recursively, after n − 1 steps one can find F n−1 ⊂ {1, ..., n} with |F n−1 | = 1, t n−1 > 0, and diffuse amenable subalgebra
) is solid and A n−1 is diffuse it follws Q n−1 is amenable. Hence A n−1 ∨ Q n−1 is amenable and by [PP86, Lemma 2.3] and [OP07, Proposition 2.4] we conclude that L(Γ F n−1 ) t n−1 is amenable. By factoriality this further implies that Γ F n−1 is amenable which is a contradiction. Proof. The proof is quite technically involved, so it will be divided into a series of claims. Throughout proof we will be denoting by {u λ } λ∈Λ the canonical group unitaries implementing L(Λ) = M t . For simplicity, denote by P = L(Γ n ) t , N = L(Γ n ), and notice M t = P⊗N. Using Corollary 3.4 there exists non-amenable subgroup Σ < Λ with non-amenable centralizer C Λ (Σ) such that P M t L(Σ). Thus, there exist p ∈ P(P), q ∈ P(L(Σ)), v ∈ I (M t ), and an injective * -homomorphism φ : pPp → qL(Σ)q so that (4.1) φ(x)v = vx for all x ∈ pPp. For ease of notation let Q = φ(pPp). 
We first show that Q ′ ∩ qL(Σ)q is purely atomic. Assume by contradiction there exists a diffuse corner r(Q ′ ∩ qL(Σ)q)r. Hence there exists a diffuse, abelian subalgebra A ⊆ r(Q ′ ∩ qL(Σ)q)r. However, since C Λ (Σ) is non-amenable and L(C Λ (Σ)) commutes with
k , for some integers 1 ≤ s ≤ n and k ≥ t, contradicting Lemma 4.1. As a consequence we note that multiplying q above by a nonzero minimal, central projection q ′ of Q ′ ∩ qL(Σ)q we assume w.l.o.g. that [qL(Σ)q : Q] PP < ∞. Moreover, letting 0 = q ′ v instead of v above, one can check that all previous equations still hold, including (4.1). Since Q is a II 1 factor and [qL(Σ)q : Q] PP < ∞, Theorem 2.3 (3) implies that Q ′ ∩ qL(Σ)q is finite dimensional. Since Z (qL(Σ)q) ⊆ Q ′ ∩ qL(Σ)q, Z (qL(Σ)q) is finite dimensional as well. Thus, multiplying v above by a minimal, central projection of Z (qL(Σ)q) and using Theorem 2.3 (1) the claim obtains.
is a finite Jones index inclusion of II 1 factors.
Performing the downward basic construction [Jo81, Lemma 3.1.8], there exists a projection e ∈ P(qL(Σ)q) and a II 1 subfactor R ⊆ Q ⊆ qL(Σ)q = Q, e such that [Q : R] = [qL(Σ)q : Q] and Re = eL(Σ)e. Keeping with the same notation, by relation (4.1) the restriction φ −1 : R → pPp is an injective * -homomorphism such that T = φ −1 (R) ⊆ pPp is a finite Jones index subfactor and
Let θ ′ : Re → R be the * -isomorphism given by θ(xe) = x. Letting w * = v * e, then Re = eL(Σ)e together with (4.2) shows that θ = φ −1 • θ ′ : eL(Σ)e → pPp is an injective * -homomorphism satisfying θ(eL(Σ)e) = T and (4.3) θ(y)w * = w * y, for all y ∈ eL(Σ)e.
Notice that w * w ∈ (T ′ ∩ pPp)⊗N and proceeding as in the proof of [OP03, Proposition 12] one can further assume that w * w ∈ Z (T ′ ∩ pPp)⊗N. Since [pPp : T ] < ∞ then T ′ ∩pPp is finite dimensional and so is Z (T ′ ∩pPp). Thus, replacing the partial isometry w by wr 0 = 0, for some minimal projection r 0 ∈ Z (T ′ ∩ pPp), we see that all relations above still hold including relation (4.3). Moreover, we can assume that w * w = z 1 ⊗ z 2 , for some nonzero projections z 1 ∈ Z (T ′ ∩ pPp) and z 2 ∈ N. Using relation (4.3) we get
Since T ⊆ pPp is finite index inclusion of II 1 factors then by the local index formula [Jo81] it follows Tz 1 ⊆ z 1 Pz 1 is a finite index inclusion of II 1 factors as well. Also, we have
Altogether, the previous relations imply that
⊆ z 1 Pz 1⊗ z 2 Nz 2 .
(4.6)
Since Tz 1 ⊆ z 1 Pz 1 if a finite index inclusion of II 1 factors then by Theorem 2.3 (4) so is Tz 1⊗ z 2 Nz 2 ⊆ z 1 Pz 1⊗ z 2 Nz 2 . Letting f = ww * and u ∈ U (M t ) be a unitary such that 
is a finite index inclusion of II 1 factors. For the remainder of the proof it will be convenient to introduce a notation.
Notation 4.6. Denote by Ω = {λ ∈ Λ : |O Σ (λ)| < ∞} and notice it is a subgroup of Λ normalized by Σ. Let {O i : i ∈ N} be a (countable) enumeration of all the finite orbits of action by conjugation of Σ on Λ and notice Ω = ∪ i O i . Let I k ⊂ N be an ascending sequence of finite sets such that ∪ k I k = N. Note that Ω k := ∪ i∈I k O i is an ascending sequence of subgroups of Ω normalized by Σ such that ∪ k Ω k = Ω.
Next, we show the following:
Proof of Claim 4.7. By construction we have L(Σ)
Proceeding as in the proof of (4.7), shrinking f more if necessary, we obtain that fL(ΩΣ)f ⊆ fM t f = fL(Λ)f is a finite index inclusion of II 1 factors. By Theorem 2.3 (5) it follows that the inclusion fL(ΩΣ)f ⊆ fM t f = fL(Λ)f has a finite Pimsner-Popa basis and hence the claim follows from Proposition 2.6.
Claim 4.8. Σ ∩ Ω is finite.

Proof of Claim 4.8. Let O
and notice it forms an ascending sequence of normal subgroups of Σ such that
it follows that R k is virtually abelian; thus, Σ ∩ Ω is a normal amenable subgroup of Σ.
From Claim 4.4 we have obtained that Q ⊆ qL(Σ)q is a finite index inclusion of nonamenable II 1 factors. Denoting by z = z(q), the central support of q in L(Σ), we see that L(Σ)z is a non-amenable II 1 factor. Moreover there exists a scalar s > 0 such that
Finally we show Σ ∩ Ω is finite. Notice the normalizer
Thus we can write Q µ = N r where N = L(Γ n )⊗M k (C), for some k ∈ N and 0 < r < 1. L(Σ)z is a factor and Γ s ∈ S nf , for all 1
and hence a corner of L(Σ ∩ Ω)z is purely atomic. This together with Proposition 2.6 implies that Σ ∩ Ω is finite.
Claim 4.9. There exists ℓ such that Ω ⊆ {λ ∈ Λ : |O Σ (λ)| ≤ ℓ}.
Proof of the Claim 4.9. By (4.7) one can find a finite Pimsner-Popa basis m 1 , m 2 , . . . , m s ∈ fM t f such that for every x ∈ fM t f we have
Together with basic approximations of n i 's, this show that for every ε > 0 there exist c ε > 0 and a finite subset L ε ⊂ Ω such that for each x ∈ fL(ΩΣ)f we have
This formula together with (4.8) gives that for every ε > 0 there exist c ε > 0 and a finite subset L ε ⊂ Ω such that for all x ∈ L(Ω) we have 
2 , we see (4.11) shows that part (1) in Corollary 2.5 is satisfied.
We will now show that if there are elements in Ω whose orbits under conjugation by Σ have arbitrarily large size, this would imply that φ ε satisfies part (2) in Corollary 2.5 as well; hence, we would have that f = 0, a contradiction.
To this end fix δ > 0 and a finite subset
|, the set FR ε is finite, and there exist elements in Ω whose orbits under conjugation by Σ have arbitrarily large size, then one can find σ ∈ Ω such that |O Σ (σ −1 µs)| ≥ δ −1 d ε |R ε |, for all µ ∈ F, s ∈ R ε . Thus for every µ ∈ F we have
This finishes the proof of Claim 4.9.
Claim 4.10. For k ∈ N, let Σ k := C Σ (Ω k ). There exist κ ∈ N, F ⊂ Ω κ , and C > 0 such that for every σ ∈ Σ κ there exists s ∈ F such that |O Ω (sσ)| ≤ C.
Proof of the Claim 4.10. Claim 4.9 implies E L(Σ)
α(x)w 1 = w 1 x, for all x ∈ cL(Ω)c.
Note that [Σ : Σ kε ] < ∞. Then (4.14) together with [B, L(Σ kε )] = 0 shows that for all x ∈ L(Ω) and y ∈ L(Σ kε ) we have r 1 xr 1 y − yr 1 xr 1 2 ≤ 2ε. Altogether, these properties show that for every ε > 0 there exists k ε ∈ N such that for all x ∈ U (L(Ω)) and y ∈ U (L(Σ kε )) we have τ(r 1 xr 1 x * ) = r 1 xr 1 2 2 ≤ 6ε + Reτ((r 1 y) * xr 1 yx * ). This further implies that
, and notice that after passing to a subsequence we can assume that η n WOT-converges to an element y 1 ∈ (M t ) 1 . Inequality (4.15) implies that τ(ar 1 a * ξ n ) ≤ 6ε + τ(a(r 1 y) * a * η n ) for all n ∈ N and a ∈ U (L(Ω)). Taking limit over n we get
(4.16) Consider a sequence of convex combinations ζ n = ln i=1 µ i a i r 1 ya * i which WOTconverges to E L(Ω) ′ ∩M t (r 1 y). Using (4.16) we get E L(Ω) ′ ∩M t (r 1 ) 2 2 ≤ 6ε + Reτ(ζ * n y 1 ) for all n, whence passing to the limit over n we have
. Using the Cauchy-Schwarz inequality and y 1 ∞ ≤ 1 this further implies that
. Using (4.14) and (4.17), for every ε > 0 there exist k ε ∈ N and a finite subset K ε ⊂ Ω kε such that
We are now ready to prove the claim. Fix ε > 0. Using (4.18) there exist k ε ∈ N and a finite subset K ε ⊂ Ω kε such that for all σ ∈ Σ kε we have
Assume by contradiction the claim does not hold; hence, for every k ∈ N, F ∈ Ω k and C > 0 there exists σ ∈ Σ k such that for all s ∈ F we have |O Ω (sσ)| ≥ C. Since K ε is finite one can find σ ∈ Σ kε such that s∈Kε |O Ω (sσ)| −1/2 < ε, by (4.19) we have E L(Ω) ′ ∩M t (r 1 ) 2 2 ≤ 9ε. As ε > 0 is arbitrary we get r 1 = 0 which is a contradiction. Claim 4.11. There exist R > 0 and a finite index subgroup Θ Σ κ , such that Θ ⊆ {λ ∈ Λ : |O Ω (λ)| ≤ R}.
Proof of the Claim 4.11. Using Claim 4.10 there exist D > 0 and a finite cover
Thus at least one the subgroups Θ := Θ i Σ κ has finite index. Denoting byK i = K i ∩ Θ we still have ∪ i f iKi ⊆ {λ ∈ Λ : |O Ω (λ)| ≤ D} and ∪ r i=1K i = Θ and as before there exist
Proof of the Claim 4.12. Assume by contradiction that {h i } is a infinite sequence of representatives of distinct right cosets of Ω ′ in Θ. Since Θ Σ and ΩΣ Λ are finite index and Σ normalizes Ω if follows that ΩΘ Λ is also finite index. Thus passing to an infinite subsequence of {h i } one can find λ ∈ Λ and x i ∈ ΩΘ so that h i = x i λ for all i ≥ 1. Thus h i h −1 1 ∈ ΩΘ for all i ≥ 2. Hence one can find σ i ∈ Θ and ω i ∈ Ω ∩ Ω ′ so that h i h −1 1 = σ i ω i . From construction we have Θω i = Θω j for all i = j. Since Θ Σ one can check that |O ΩΘ (ω i )| < ∞ for all i and since ΩΘ Λ has finite index we further have |O Λ (ω i )| < ∞ for all i ≥ 2. This however contradicts the fact that Λ is ICC.
We are now ready to complete the proof of the theorem. Combining Claims 4.8 and 4.12 it follows that Ω ′ ∩ Ω is a finite group. Since Ω normalizes Ω ′ and Θ normalizes Ω, for all σ ∈ Θ, ω ∈ Ω the words ωσω −1 σ −1 , σωσ −1 ω −1 ∈ Ω ′ ∩Ω; hence the commutator [Θ, Ω] Ω ′ ∩ Ω. In particular [Θ, Ω] is a finite normal subgroup of ΩΘ. Since ΩΘ has finite index in Λ and the latter is ICC it follows that [Θ, Ω] = 1. Letting Σ 1 := Θ and Σ 2 := Ω we get our conclusion.
Remarks 4.13. If in the previous theorem we assume Λ is finitely generated, since [Λ : ΩΣ] < ∞, it follows that ΩΣ is finitely generated as well. Since from construction we have that ΩΣ k is an increasing tower of subgroups such that ∪ k ΩΣ k = ΩΣ, by finite generation, there exists ℓ ∈ N such that ΩΣ ℓ = ΩΣ. Hence Σ ℓ = C Σ (Ω ℓ ) is a finite index subgroup of Σ which commutes with Ω ℓ . Thus Σ ℓ Ω ℓ has finite index in Λ and the conclusion of the theorem follows. Therefore in this situation one needs neither the weak amenability assumption nor the Claims 4.9-4.12. This would be the case if we assume for instance that the groups Γ i 's belong to class S nf and have property (T).
We require one more intermediate result before the proof of Theorem A. 
Ω 2 then from above it follows that [Λ :
, it is a straightforward exercise to see that Ω 1 , Ω 2 < Λ are commuting, non-amenable, ICC subgroups so that [Λ : 
. Combining with the above, one can check v = j u j uw j ∈ M t is a
2 . Consider the groups Θ 2 = {λ ∈ Λ : |O Ω 1 (λ)| < ∞} and Θ 1 = C Ω 1 (Θ 2 ) and proceeding as before we have that Θ 1 , Θ 2 < Λ are commuting, non-amenable, ICC subgroups such that [Λ : 
r ′ , for r ′ ≥ r and all K ⊂ {1, . . . , n} with |K| = i − 1 and since vL(Θ 1 )v * is non-amenable, it follows from [CSU11, Theorem 6.1] that B is amenable. Also if we assume that B is diffuse then by Lemma 4.2 one contradicts the solidity of L(Γ i ); thus, B is a completely atomic factor whence B = M k (C), for some integer k. Altogether, this shows that vL(Θ 2 )v * = M s 2 where s = k/µ. 
Proof. We proceeding by induction on n. Since n = 2 follows directly from Theorem 4.14 it remains to only show the induction step. So assume the statement is satisfied for any collection of k ≤ n − 1 groups belonging to S nf . By Theorem 4.14 one can find subgroups
s then by the induction hypothesis there exist subgroups Λ i < Λ ′ 1 , i ∈ F with × i∈F Λ i = Λ ′ 1 , scalars t i > 0 with Π i∈F t i = s, and
4.1. Remarks on the use of weak amenability. Notice that in the proof of Theorem A the assumption that the Γ i 's are weakly amenable is used only in the proof of Claim 4.8, class S nf being sufficient for all the other steps of the proof. In fact when we are dealing with only two groups the weak amenability assumption can be dropped. Proof. The proof is identical with the proof of Theorem 4.3. Thus we borrow the same notations and set-up as there. We only include a proof for Claim 4.8 which bypasses the usage of weak amenability, the rest of the proof following the same arguments. Under the same notations as in the proof of Theorem 4.3 we show that:
and notice it forms an ascending sequence of normal subgroups of Σ such that ∪ k R k = Σ ∩ Ω and [Σ : Σ k ] < ∞, where Σ k = C Σ (R k ). Since R k ∩ Σ k is abelian and [Σ : Σ k ] < ∞ it follows that R k is virtually abelian; thus, Σ ∩ Ω is a normal amenable subgroup of Σ.
In the first part of the proof of Theorem A (see Claim 4.4) we have obtained that Q ⊆ qL(Σ)q is a finite index inclusion of non-amenable II 1 factors. Denoting by z = z(q), the central support of q in L(Σ), we see that L(Σ)z is a non-amenable II 1 factor. Moreover there exists a scalar s > 0 such that To begin we argue that each R k is finite. Since C k := R k ∩ Σ k R k has finite index it suffices to show that C k is finite. From construction note that
By passing to a finite index subgroup we can further assume w.l.o.g. that Σ k ⊳ Σ is normal and [Σ : Σ k ] = r. Fix γ 1 , γ 2 , ..., γ r ∈ Σ a complete set of representatives for the cosets of
and Corollary 2.7 entails C k is finite.
We now show Σ∩Ω is finite. Proceeding by contradiction assume that Σ∩Ω is infinite whence
Also one can check for all a ∈ R k and l ≥ k we have (u a z) ⊗ (u a z)ξ l = ξ l . This implies (4.24) lim n (u a z) ⊗ (u a z)ξ n − ξ n z,2 = 0, for all a ∈ Σ ∩ Ω.
Here · z,2 is the 2-norm induced by the trace τ z (y) = τ(yz)τ −1 (z) on L(Σ)z, where τ is the canonical trace on L(Σ). For all k ∈ N and x ∈ L(Σ) we have the following basic calculations: Proof. If follows from Theorem 4.16, proceeding as in the proof of Theorem 4.14 4.2. Von Neumann algebras generated by lattices. In this section we show how the main result can be used to give new families of examples of ICC discrete groups which are measure equivalent, but whose group von Neumann algebras are not stably isomorphic. The first such examples were constructed by the first author and Ioana [CI11] . We recall that discrete groups Γ and Λ are said to be measure equivalent if there exists an essentially free action Γ × Λ (Ω, m) on a standard σ-finite measure space such that the restriction of the action to each of Γ and Λ admits a Borel fundamental domain of finite measure. The prototypical examples of measure equivalent discrete groups are pairs of lattices in semisimple Lie groups: see [Fu99a] for a thorough treatment of measure equivalence.
In order to establish the result, we will need to make use of a celebrated theorem of Margulis in order to distinguish the algebraic structure of certain lattices in the same ambient Lie group. We briefly recall that if G is a semisimple Lie group without compact factors, then a lattice Γ < G is said to be reducible if G admits semisimple factors G 1 and G 2 so that setting Γ 1 := Γ ∩ G 1 and Γ 2 := Γ ∩ G 2 we have that Γ 1 Γ 2 is a finite index subgroup of Γ . For example, a finite product of lattices is a reducible lattice in the product of the respective ambient Lie groups. A lattice is irreducible if it is not reducible. For instance, the natural inclusion of Z[ √ 2] as a lattice in R×R induces an irreducible lattice inclusion of PSL(2, Z[ √ 2]) into PSL(2, R) × PSL(2, R). Note that if a group Γ virtually decomposes as a direct product of infinite groups, e.g., Γ is a reducible lattice, then Γ admits an infinite normal subgroup with infinite index. However it is a consequence of the following famous theorem of Margulis [Ma79, Z84] that irreducible lattices can admit no direct product decomposition: Note that by the Borel density theorem, if Γ is a lattice in a semi-simple Lie group with no compact factors and trivial center, then Γ is ICC, whence if irreducible cannot be decomposed as any direct product of groups.
The following corollary is a direct application of the Normal Subgroup Theorem to Theorem A and Corollary B. We apply this corollary in the following more specific situation. Let G 1 , . . . , G n be non-compact, real simple Lie groups of rank one with trivial center, and let Γ 1 , . . . , Γ n be respective lattices. It follows from [CH89] that each Γ i is weakly amenable and from [Oz06] that each Γ i belongs to the class S nf . Thus if Λ < G 1 × · · · × G 2 is an irreducible lattice, then Λ and Γ 1 × · · · × Γ n are measure equivalent groups whose associated group factors are not stably isomorphic.
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